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Abstract

The onset of the unstable temperature distribution which may appear in plane axisymmetric catalytic burner is
studied. The instability mechanism is assumed to be related with the temperature dependence of the viscosity, thus with
the pressure drop in the porous combustor, governed by Darcy’s law. An area e.g., of lower temperature (dark zone)
characterised by a smaller value of the kinetic viscosity gives rise to a locally increased gas flow mass velocity, the
pressure drop remaining constant over the burner cross-section. The locally increased mass velocity produces an en-
hanced cooling of the area, whereby heat conduction from the hotter surrounding area tends to restore a homogeneous
temperature distribution. A linear analysis of this thermal instability mechanism is carried out and yields a simple

analytic solution for the state of neutral stability.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Experiments with a flat axisymmetric catalytic
combustor operating with methane/air-mixtures at
temperatures between 1000 and 1300 K showed a spatio-
temporal unstable behaviour of the surface temperature
distribution [1]. A sketch of the burner is shown in Fig.
1. The combustion gas and the air are premixed and
evenly distributed over an insulating fibre-mat (layer I),
followed by a permeable metallic foam structure (layer
II), which is impregnated with a noble metal catalyst.

During combustion, transients may occur, during
which at the catalytic surface spotwise dark zones ap-
pear (Fig. 2). Local temperature increase were also
measured but “hot spots” could not be observed. In a
case of a temperature rise, the burner is automatically
shut off in order to prevent the catalytic panel from
being damaged. The position and the extent of the dark
zones were not repeatable, what indicates that their oc-
currence is not related with e.g., a local deactivation of
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the catalyst. It is notable that such dark zones do not
vanish in time by heat conduction from the hotter,
surrounding area. The occurrence of the dark zones
depends on dimensional characteristics of the catalytic
panel. These phenomena were observed with a catalytic
panel of radius 70 mm (Fig. 2), but did not occur with
a panel of radius 50 mm.

The appearance of the temperature inhomogeneity is
also related with an unstable behaviour of the combu-
stor itself. In the presence of dark spots, a small modi-
fication of the power or of the excess air ratio may e.g.,
lead to a sharp increase of the temperature, or also to a
blowout of the burner. The dark zones arise and grow
very slowly. However the difficult control of the burner
(in the presence of dark spots) prevented from observing
if the spots ever attained a steady state. The observed
unstable burner behaviour seems to be the consequence
and not the origin of a modification of the combustion
parameters upon a burner having an inhomogeneous
surface temperature distribution. The goal of the present
investigation is to analyse and explain a possible thermal
instability mode of plane axisymmetric catalytic panels
and to determine the onset of such unstable combustion
behaviour. This instability is supposed to exist, apart
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Nomenclature

Notations

a specific surface area (m™!)

cp specific heat capacity of the gas (Jkg=' K1)

Cs specific heat capacity of the solid
(kg 'K

G mass flow rate per unit area (mass velocity)
(kgs~'m™?)

g mass velocity disturbance (kgs~' m~2)

AH, reaction enthalpy per unit mass (Jkg™!)

K permeability of the porous solid (m?)

k. radial thermal conductivity of the porous
medium (Jm~!s7' K1)

k. axial thermal conductivity of the porous

medium (Jm~'s~' K1)
length of the catalytic panel (m)

n temperature dependence exponent of the
kinematic viscosity

)4 pressure (Pa) (not to confuse with the con-
stant p defined in (24))

r radial space co-ordinate (m)

R radius of the catalytic panel (m)

t time (s)

T temperature (K)

u interstitial velocity (ms™!)

X mass fraction of the lean reacting species (-)

X mass fraction disturbance (-)

z axial space co-ordinate (m)

Zy mass transfer unit length (m)

Greek symbols

p mass transfer coefficient (ms~!)
& void fraction (-)

) temperature disturbance (K)

v kinematic viscosity (m?s~!)

0 density (kgm™3)

Subscript

i inlet

Dimensionless variables

H Xi(—=AH,)/c,T;

Pe, Gc,R/k, Pe,.,. Péclet numbers for heat
transfer

Pe, Gepz, [k.

Pe. Ge,L/k,

T TT

XXX

x* x/X

7 g/G

¢ z/L

Cu z./L

n r/R

T

Iz epc,/ (1 — €)pye; + epey]

o L/R

T Gt/ pel

from the chemical kinetic instability effects which are
discussed in the literature [2,3].

2. Analysis
2.1. Problem description and assumptions

The flow of fluids through porous media is generally
governed by Poiseuille’s law and Darcy’s law [4]. In both
cases, the pressure drop across the porous structure
(combustor) is proportional to the kinematic viscosity.
We assume the observed instability to be related with the
temperature dependence of the kinematic viscosity. An
area of lower temperature (dark zone) characterised by a
smaller value of the kinematic viscosity gives rise to a
locally increased gas flow mass velocity, the pressure
drop remaining constant over the catalyst cross-section.
The locally increased mass velocity produces an en-
hanced cooling of the area, whereby heat conduction
from the hotter surrounding area tends to restore a
homogeneous temperature distribution. The analysis of

the behaviour of a plane axisymmetric adiabatic cata-
Iytic burner, which is subject to small disturbances of the
gas mixture mass velocity profile is based on the fol-
lowing assumptions:

1. The temperatures of gas and solid at a given location
are equal. This is a reasonable approximation for
burners with a specific power below about 100 kW/m?.

2. The heterogeneous catalytic reaction is limited by
mass transfer. The burner was operating at temper-
atures from 1000 to 1300 K as the unstable behav-
iour occurred. Only the bulk concentration of the
lean reactant is considered.

3. Due to the foam structure, axial as well as radial dis-
persion of the lean reacting species may be ne-
glected. The experimentally determined mixing
length is shown to be close to the foam pore diame-
ter [5]. The Péclet numbers for axial and radial mass
transport are respectively about 2 and 8 at pore di-
ameter based Reynolds number Re > 20 [6]. Calcu-
lation with the estimated dispersion coefficients
showed no influence on the limit of neutral stability.
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Fig. 1. Schematic figure of the combustor test bench. R = 50 and 70 mm. Thickness of the catalytic active layer II: 11 mm.

Fig. 2. Photograph of a dark zone at the surface of the catalytic
panel. Radius of the catalytic panel: 70 mm.

. The heat conduction within the gas-solid system is

characterised by the axial and radial constant ther-
mal conductivity, k, and k,, respectively.

. The radiative heat transfer is neglected. Its influence

on the relative anisotropy of the thermal conductiv-
ity could not be established. Existing data are re-
lated to room-temperature measurements [7].

. The radial combustor wall is adiabatic.
. Once dark zones were visible, the observed variations

of the temperature between the hotter and the colder
(dark) zones at the surface of the catalytic panel were
about 120 K, i.e. 10% of the operating temperature.
In the linear stability analysis, much smaller temper-
ature increments were supposed. Taking into ac-
count the operating temperature of the burner, the
coefficient of volume expansion of gases is less than
1073 K~'. The variability in the density p due to
the variations of temperature not exceeding 10 K
(say) are at most 1% and may be neglected according
to the Boussinesq approximation [8].
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8. The combustion takes place at constant absolute
pressure: p, = const.

9. The pressure drop across the porous structure of the
burner (Ap/py < 1) depends linearly on velocity ac-
cording to Darcy’s law. This behaviour was con-
firmed for the entire explored velocity range by
pressure drop measurements.

10. The pressure drop is assumed steady and constant
over the surface of the catalytic panel (0Ap/0r = 0)
This assumption is generally valid only for an array
of parallel ducts (honeycomb structures). For the
sake of simplicity, this is supposed to apply in first
approximation also to foams.

11. The velocity disturbances are assumed as axisym-
metric profiles.

2.2. The basic equations

The equations governing the transport of momen-
tum, energy and mass in a homogeneous model of a
fixed bed are [4,6]

(a) The equation of continuity

0, _
5, (peu) =0 (1)
(b) The equation of motion (Darcy’s law)
N K op
=——=— 2
v Oz )
(c) The equation of heat transport
oT *T 10T
1—¢)pcs+epe,| — =k | —+-—
(1= 2)pses + 2pcy) ot r< or? + r or )
+k ﬁ — D ~@
"o POty
+/3a(_A}]m)ﬁX (3)
(d) The equation of mass transport
X X o
pep = —pei = papXx 4)
(e) The equation of state (py = const)
p_T
r_Z 5
pi T ®)

(f) The temperature dependence of the kinematic viscosity
i (T
AN el 6
- (7) ©

The integration of Egs. (1) and (2) with respect to z
make them more convenient for further development.
The integration of Eq. (1) yields

peu = G(r,t) (7)

Introducing (7) into (2), we obtain by integration
1 [t

tp = [ GO0z ®)
K Jo

where, according to assumption (10), the pressure drop
Ap across the porous structure is steady and constant.

2.3. The perturbation equations

Assuming that the different variables describing the
flow are subject to small disturbances with respect to
their steady state values, we may write
=p(@) +p(r,z0)

v(z) +v(r,2,1)
i =u(z) +u(r,zt)
T =T(z) +9(r,z1)
X =X(2) +x(r,z,1)
G=G+g(rt)

=< ™
I

where p(z), ¥(z), u(z), T(z) and X(z) are the radially
uniform steady state solutions of Egs. (1)-(6), G the
constant steady state mass velocity and

gr.1) = pus

the mass velocity disturbance.

Introducing the set (9) into the Egs. (3)—(8) and ne-
glecting all products and powers (higher than the first) of
the disturbances p, v, u, g, ¥ and x, we obtain the set of
linearized equations

R
/ g(r,t)rdr=0 (10)
0
L
g_ o \L(f,z, 1)dz 1)
G Jy ¥(@)dz
0, 9 109
[(1—s>pscs+spcp15—k,(ﬁ ;5)
%9 Y, oT
thaa —Chy, ~8ay;
+pa(_AHm)ﬂx (12)
_ Ox Ox . G
peg, =—Gg — 85 —papx (13)

Eq. (10) expresses the conservation of the total mass
flow through the burner section and (11) is derived from
(8) with the additional condition Op/0r =0 over the
catalytic panel.

The linearization of Eq. (6) leads to

I(r,z,t)
T(z)

v(r,z,t) = v(z)n (14)
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Introducing (14) into (11) gives
o dorpdz

T

g _
G fo vdz

or as a first approximation

gt _n /L *9(;’(2” dz (15)

G L

In the perturbation equations (12) and (13), the axial
gradients of the steady state temperature 7(z) and of the
mass fraction X(z) appear as the convective terms
g0T/0z and g0X/0z. T(z) and X(z) are obtained by

means of Egs. (3) and (4), where 0/0t = 0/0r =0 i.e.
k. &*T dT | paf (—AH,)

X = 1
Ge, dz2  dz G ¢ 0 (16)
dx  pap
—+—X=0 17
R (17)
with the boundary conditions

or
z=0 Ge,(T;-T) = —ka
oT

z=1L E = 0
z=0 X=X,

The boundary conditions of the energy equation state
that (a) the convective heat flux equals the conductive
heat flux at the “cold boundary” z = 0 and that (b) the
temperature gradient at the ‘“hot boundary” z=1L
vanishes.

The expression pafi/G in (16) and (17) represents the
inverse of the mass transfer unit length z, related to the
diffusion-controlled catalytic combustion process [9]. In
that case, the bulk concentration of the reactants will
decay exponentially. The e! decay represents one mass
transfer unit and z, the corresponding length.

The integration of (16) and (17) yields

T X:(—AH, 1+ Pe,[1 — -
7:1+ z( m) + ell[ CXp( Z/ZM)} (18)
T; ¢, T; 1+ Pe,
and
X
T = oxp(=2/2) (19)
with
Ge,z,
P u E p .
e, a

a Péclet number based on z,.

Replacing g in (12) and (13) by (15) and expressing
Eqgs. (12), (13), (18) and (19), with the defined non-di-
mensional variables, (the asterisk being dropped in order
to make the writing easier), we obtain

Vo 1 (@0 ey 1@ o n
U ot Pe, on?  non Pe, 0> Oc qu
or ['w
_ Zdc = 2
6gn/0 7de=0 (20)
ox ox 1 oX Iy
a"’a—g g—x—a ?dv—o (21)
_ 1 +Peu[l - exp(_g/guﬂ
T=1+H o (22)
X =exp(—¢/c,) (23)

Despite of having neglected the radial reacting species
dispersion in Eq. (21), the convective bulk mass trans-
port still depends on the radial variation of the mass
velocity.

2.4. Boundary conditions

The solutions of Egs. (20) and (21) must satisfy
boundary conditions which depend on the characteris-
tics of the combustion process. These boundary condi-
tions are set by the required axial symmetry, the thermal
insulation of the combustor casing wall and the conti-
nuity of the heat flux in axial direction:

(o]
=20 677_0 (24a)
oY
by 1
c=0 19+(1—T)n/0 7 ds e o 0 (24c)
c=0 x=0 (24d)
il

2.5. Solution of the perturbation equations

The solutions of the Egs. (20) and (21) can be written
in form of a product of functions in 7,  and ¢

0 = e"T(n)Z(<)

x = I ()) 23)

where p is a constant which can be complex.
By inserting (23) and (25) into Eq. (21), its solution
with the boundary condition (24d) becomes

(502 ) o ()]
p‘:u Su Cu

l E
T

X dg (26)

0
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which may be written in abbreviated form
1
V4
%= o(p,c)n / 7de (26a)
0

By inserting (25) and (26a) into Eq. (20), the partial
differential equation is split into two ordinary differential
equations, each for a single independent variable

d&r 1dr

— +i =0 27
ap “nan " @)
and
&’z dz p k dr
mf*@E*<P”+i >Z+P(w¢+x>
1
Z
Zde— 2
X /0 2 dc (28)

with the separation constant A.
The solution of Eq. (27) is

r=Jy(Vn) (29)

Jo being the Bessel function of the first kind of order 0.
Taking into account the radial boundary condition (24b)
we obtain

(%JM——ﬂmND—o (30)

giving the allowable values of 4 as the zeros j;; of the
Bessel function J; ie.

\/zk:jl‘k k:17253a"' (313)
and the related allowed functions
Fk :JOU],kn) k=1,2,3,... (31b)

As is easily shown, condition (30) fulfils also the re-
quired condition (10), which in non-dimensional vari-
ables becomes

1
/0 yndn =0 (32)

Inserting (15) into (32) and taking into account (25) and
(29) yields

1 IZ 1
/Vﬂdn:—n/ ?d;/ Jo(\/im)ndnzo
0 0 0

Al Jo(ﬂkﬂ)ndn = %}Jl (m)

and according to (31a) /7 are the zeros of J;.
According to classical methods, the solution of Eq.
(28) is

Zi =+, (33)

where

hy = é exp(si1¢) + Era exp(siag) (33a)

is the general solution of the homogeneous equation and

R o,
G, = — k |:CXp(Sk1C) / lﬁk exp( - Sklg) dg

Skl — Sk2
— exp(sxg) / Vexp( — skzg)dg} (33b)

is a solution of the inhomogeneous equation. The fac-
tors oy and Y, in (33b) are defined as

1
7
o =n /0 7" dc (34)
and
H dr
m:&(fm+<) (35)
Su ds

The exponents s;; and s, of Eq. (33) are the roots of the
characteristic equation

57 — Pe,s; — (Pez& + &ikaz) =0 (36)
po ok
The subscript & has been attached to all dependent
variables and factors, in order to point out that their
values depend upon the separation constant A;.

The integration constants &, and ¢, of Eq. (33a) are
calculated by means of the boundary conditions (24c)
and (24e), leading to the system of algebraic equations

R 1 . 1
Cull— e Spp |+ el 1 —P—Skz
1 qu
— 0) —
X (qk( ) Pe, dg

Cr18k1 eXp(Skl) + CraSia exp(su) Ofk

1 =+ guPeZ)
qr(1)

~

S

where from (33b) g, has been replaced by —oygy.

oy arises in both equations as a factor of the right
hand term and thus it will appear as a multiplication
factor of both integration constants. Let us define

G — e (38)
Cra = OCr2

inserting (38) into (33a) yields

fzk B

and Eq. (33) becomes

Zi = oy (b + qi) (39)

By multiplying both sides of Eq. (39) by n/T and inte-
gration with respect to ¢ gives

1 1
Z hy + gy
_ — ~ 4
n/o Tds oc,(n/0 T dc (40)
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where, by definition, the left hand term is equal to .
After rearranging (40), we obtain

1
ock{l—n/ Mdg}:o @1)
0 T

o = 0 is a trivial solution, since according to (39) Z;
would be zero. The non-trivial solution of (41) requires
that the term within the bracket vanishes. Condition (41)
shows that both 7, and ¢, have to be real functions and
thus p in (25) is a real constant.

2.6. Stability limits

Eq. (41) contains the basis for resolving the stability
problem. For a given separation constant 4, (41) pro-
vides a value of p; defined in (25). If p, > 0, the ampli-
tude of a small local temperature disturbance grows
exponentially with time, leading either to a dark zone
and ultimately an extinction of the burner or to a tem-
perature rise, which without any control means may lead
to a damage of the catalytic panel structure. On the
other hand, if p, < 0, any perturbation damps out ape-
riodically (stable behaviour). The marginal state (neutral
stability) which separates the stable from the unstable
state is obtained by setting p, = 0 in Eq. (41).

This equation implicitly contains i, which is defined
in (35); this expression can be transformed by means of
the derivative d7'/d¢ from (22) and the limit of Eq. (26)
as p — 0, thus yielding:

_ _H g Pe, g
lp—Peugiexp( ;u)(1+Peu ;u) (42)

The solution of Eq. (41), in which (33a) and (33b) are
introduced with the above expression, determines the
radius of the catalytic panel corresponding to the state
of neutral stability. This equation has been solved both
analytically and numerically. An accurate analytical
approximation for ¢, < 1, is given by '

R . 1
— < Jik

k.
o 43
2z, k. 1+ Pe, (43)

2.7. Numerical results

The zeros ji 4, k =1,2,3... of the Bessel function J,
form a continuously increasing sequence of values. Set-
ting k =1 (j;; = 3.832) in (43), yields the radius of the
catalytic panel for which any disturbance of the tem-
perature distribution will either remain stationary or will
be damped out aperiodically with time. The curve of
neutral stability (43) is shown in Fig. 3 as a function of

! The mathematical derivation to obtain (43) is available
upon request.

20.0
] ko/k,=20.0 _ _ _ _ __ __
] unsteble
15.04
] 1e.0 |
5 1
N 18.0
> ]
(04 ]
5.2
b unsteble 1.0
2.8 T
Q. 5.0 190.0 15.0 20.0

1/Pe,

Fig. 3. Non-dimensional radius of the catalytic panel corre-
sponding to the sate of neutral stability for various relative
anisotropy of the heat conductivity.

Pelj1 and (k,/k;). The influence of an anisotropy of the
thermal conductivity (k,/k, > 1) significantly increases
the extent of the stable domain. Condition (43) shows
also that the radius of the stable catalytic panel is pro-
portional to the mass transfer unit length z,. The latter
corresponds to the e~! decay of the bulk concentration
of the reactants and thus roughly to the thickness of the
catalytic panel within which the main part of the com-
bustion heat release takes place. According to Egs. (12)
and (13), heat production and thermal conductivity tend
both to restore a stable homogeneous temperature dis-
tribution. For small z, the main part of heat production
is limited to a narrow layer near the entry of the catalytic
panel; thus it does not contribute significantly to restore
an even temperature distribution within the rest of the
panel thickness. This may explain why the maximum
radius of the catalytic panel ensuring stability decreases
when reducing the mass transfer unit length.

3. Conclusions

The purpose of the present work is to estimate the
onset of an unstable temperature distribution in a plane
axisymmetric catalytic burner. The instability mecha-
nism is assumed to be related to the temperature de-
pendence of the viscosity. Apart from the linearisation,
the main underlying simplifications are (i) the assump-
tion of equal temperature of both gas and solid at every
site, (i) the neglected radiative heat transfer, (iii) the
mass transfer limited heterogeneous catalytic reaction
and (iiii) the constant and steady pressure gradient
across the catalytic panel. These simplifications lead to
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an analytic solution for the stability characteristics i.e.,
the curve of neutral stability. As the mass transfer unit
length z, generally is of the order of a few mm, the
stability characteristics lead to a small radius R of the
catalytic panel in the case of isotropic thermal conduc-
tivity. For the investigated burner (Fig. 1) and depend-
ing on the combustion parameters, R for neutral stability
is in the range of 1-3 cm.

However, a stable combustion behaviour can be ex-
pected for anisotropic catalytic panels with increased R,
when the radial thermal conductivity exceeds the axial
conductivity. Large relative anisotropy (k,/k, = 8.8) ex-
ists at room temperature e.g., in layered metallic fibre
material [7].

The dimensional characteristics of a catalytic panel
corresponding to a state of neutral stability yields a
criterion to shape the catalytic panel of a combustor for
avoiding the occurrence of an unstable and inhomoge-
neous temperature distribution. To this end, the cross-
section of the combustor may be segmented into several
insulated channels whose radial length scale is smaller or
equal than a critical radius corresponding to the state of
neutral stability. Burner with segmented catalysts al-
ready exist [10,11]. However their segmenting seemed to
be motivated by thermal stress and structural reliability
considerations. As another approach, Acotech company
produces metal fibre burner mats which are provided
with a hole pattern for stabilising the combustion reac-
tion and to reach a homogeneous temperature distri-
bution [12]. The appropriate distance between the holes
has been determined on an experimental basis; it appears
to be relatively close to the dimensional characteristics
ensuring neutral stability according to (43).

The present paper is a first step to propose an ex-
planation of the observed unstable behaviour of cata-
Iytic burners. Taking into account the numerous
assumptions made, experimental and further theoretical
work are required to confirm the pertinence of the
proposed aerothermal instability mechanism.
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